THE SATO-TATE LAW FOR DRINFELD MODULES 
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Abstract. We prove an analogue of the Sato- Tate conjecture for Drinfeld modules. Using ideas of 
Drinfeld, J.-K. Yu showed that Drinfeld modules satisfy some Sato- Tate law, but did not describe 
the actual law. More precisely, for a Drinfeld module (j) defined over a field L, he constructs a 
continuous representation poo : Wl — >■ -D^ of the Weil group of L into a certain division algebra, 
which encodes the Sato- Tate law. When (j) has generic characteristic and L is finitely generated, we 
shall describe the image of poo up to commensurability. As an application, we give improved upper 
bounds for the Drinfeld module analogue of the Lang- Trotter conjecture. 



1. Introduction 

1.1. Notation. We first set some notation that will hold throughout. Let F be a global function 
field. Let k be its field of constants and denote by q the cardinality of k. Fix a place oo of and 
let A be the subring consisting of those functions that are regular away from oo. For each place 
A of F, let Fx be the completion of F at A. Let ord^ denote the corresponding discrete valuation 
on Fxi 0\ the valuation ring, and F;^ the residue field. Let doo be the degree of the extension ¥00/ k. 

For a field extension L of k, let L be a fixed algebraic closure and let L^^'p be the separable 
closure of L in L. We will denote the algebraic closure of A: in L by k. Let Gal^, = Gal(L'^"^P/L) 
be the absolute Galois group of L. The Weil group Wl is the subgroup of GsIl consisting of those 
a for which a\j^ is an integral power deg{a) of the Frobenius automorphism x 1— )■ x''. The map 
deg : Wl — > Z is a group homomorphism. Denote by L^'^^^ the perfect closure of L in L. 

Let L[t] be the twisted polynomial ring with the commutation rule r • a = a^r for a G L; in 
particular, L[t] is non-commutative if L 7^ /c. Identifying r with X'', we find that L[t] is the 
ring of /c-linear additive polynomials in L[X] where multiplication corresponds to composition of 
polynomials. Suppose further that L is perfect. Let L((r~^)) be the skew-field consisting of twisted 
Laurent series in (we need L to be perfect so that holds). Define the valuation 

ord^-i : L(iT-^)) ^ ZU {+00} by ord^-i (Xl^ ajr"*) = mf{i : / 0} and ord^-i(O) = +00. The 
valuation ring of ord,— 1 is L|t~^], i.e., the ring of twisted formal power series in r~^. 

For a ring R and a subset S, let Cent/j(S') be the subring of R consisting of those elements that 
commute with S. 

1.2. Drinfeld module background and the Sato- Tate law. A Drinfeld module over a field L 
is a ring homomorphism 

(j): L[t], cpa 

such that (j){A) is not contained in the subring of constant polynomials. Let d: L[t] —^Lhe the 
ring homomorphism ^^biT^ 1— >■ 69 ■ The characteristic of (p is the kernel do(j): ^ — L; it is a prime 
ideal of A. If the characteristic of (p is the zero ideal, then we say that (p has generic characteristic. 
Using d o (j), we shall view L as an extension of k, and as an extension of F when (p has generic 
characteristic. 
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The ring L[t] is contained in the skew field LP'^'^^((r~^)). The map cj) is injective, so it extends 
uniquely to a homomorphism (p: F U"^^^ {It~^J) . The function f : F — ?• Z U {+C!o} defined by 
v[x) = OTd^-i{(j)x) is a non-trivial discrete valuation that satisfies v[x) < for all non-zero x A. 
Therefore v is equivalent to ordoo, and hence there exists a positive n € Q that satisfies 

(1.1) ord^-i{<j)x) = ndoo ordcx^ix) 

for all X G . The number n is called the rank of (j) and it is always an integer. Since LP*'''^((r~^)) 
is complete with respect to ord^-i, the map <j) extends uniquely to a homomorphism 

</>:Foo-^LP-f((r-i)) 

that satisfies (1.1) for all x € F^. This is the starting point for the constructions of Drinfeld in 
[Dri77]. Let Fqo — > L^'^'^^ be the homomorphism obtained by composing with the map that 
takes an element in LP'^''^|t~^] to its constant term. So cj) induces an embedding of Fqo into LP*^"^^, 
and hence into L itself. 

Let be the centralizer of (p{A), equivalently of 0(Foo), in L{{t~^)). The ring is an Fqo- 
algebra via our extended (p. We shall see in §2 that is a central -Foo-division algebra with 
invariant —1/n. For each field extension L'/L, the ring EndL'((/') of endomorphisms of (j) is the 
centralizer of (j){A) in L'[t]. We have inclusions (j){A) C End|;((/)) C Z)^. 

Following J.-K. Yu [Yu03], we shall define a continuous homomorphism 

Poo: Wl^D^ 

that, as we will explain, should be thought of as the Sato- Tate law for (j). Let us briefly describe 
the construction, see §2 for details. There exists an element u G L((r~^))^ with coefficients in L'^^^ 
such that u~^(l){A)u C A;((r~^)). For a G Wl, we define 

p^{a) := a(^z)T<^'=s('^)tx-i 

where a acts on the series u by acting on its coefficients. We will verify in §2 that Pqo{(j) belongs to 
, is independent of the initial choice of u, and that p^^ is indeed a continuous homomorphism. 
Our construction of poo varies slightly from than that of Yu's (cf. §2.2); his representation poo is 
only canonically defined up to an inner automorphism. When needed, we will make the dependence 
on the Drinfeld module clear by using the notation p^p^oo instead of poo- 

Now consider a Drinfeld module (j): A ^ L[t] oi rank n with generic characteristic and assume 
that L is a finitely generated field. Choose an integral scheme X of finite type over k with function 
field L. For a closed point x of X, denote its residue field by F^;. Using that A is finitely generated, 
we may replace X with an open subscheme such that the coefficients of all elements of (j){A) C 
L[r] are integral at each closed point x of X. By reducing the coefficients of (f), we obtain a 
homomorphism 

(t)^: A^¥^[t]. 

After replacing X by an open subscheme, we may assume further that (px is a Drinfeld module of 
rank n for each closed point x oi X. 

Let Pcj)^x{T) G A\F] be the characteristic polynomial of the Frobenius endomorphism tTx '■= t^'^'-^'^ g 
Endp^. ((/"x); it is the degree n polynomial that is a power of the minimal polynomial of tTx over F. 
We shall see that p^o is unramified at x and that 

P4,,x{T) = det(r/ - poo(Frob^)) 

where we denote by det: — t- F^o the reduced norm. The representation p^o can thus be used 
to study the distribution of the coefficients of the polynomials P^^x(T) with respect to the oo-adic 
topology. Though Yu showed that (j) satisfies an analogue of Sato- Tate, he was unable to say 
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what the Sato- Tate law actually was. We shall address this by describing the image of poo up to 
commensurability. We first consider the case where (p has no extra endomorphisms. 

Theorem 1.1. Let (p: A ^ L[r] he a Drinfeld module with generic characteristic where L is a 
finitely generated field and assume that Endj;(0) = (j){A). The group PooiW^) is an open subgroup 
of finite index in . 

We will explain the corresponding equidistribution result in §f .4 after a brief interlude on elliptic 
curves in §1.3. 

Now consider a general Drinfeld module (j): A — )• L[t] with generic characteristic, L finitely 
generated, and no restriction on the endomorphism ring of (p. The reader may safely read ahead 
under the assumption that End^((/)) = (j){A) (indeed, a key step in the proof is to reduce to the 
case where (p has no extra endomorphisms). 

The ring End2;((^) is commutative and a projective module over A with rank m < n, cf. [Dri74, 
p. 569 Corollary]. Also, Eoo '■= Endj^{p) (g)^ Fqo is a field of degree m over Foo- Let be the 
centralizer of End|;(i;^), equivalently of Eo^, in L{{t~^)); it is central Soo-division algebra with 
invariant —m/n. 

There is a finite separable extension L' of L for which 'Endj^{p) = End^' (</>). We shall see 
that Poo(W^L') commutes with EndL'(i;^), and hence Poo(l^L') is a subgroup of . The following 
generalization of Theorem 1.1 says that after this constraint it taken into account, the image of poo 
is, up to finite index, as large as possible. 

Theorem 1.2. Let (p: A L[t] be a Drinfeld module with generic characteristic where L is 
a finitely generated field. The group Poo{Wl) H B^ is an open subgroup of finite index in B^ . 
Moreover, the groups Poo(W^l) md B^ are commensurable. 

These theorems address several of the questions raised by J.K. Yu in [Yu03, §4]. 

1.3. Elliptic curves. We now recall the Sato- Tate conjecture for elliptic curves over a number 
field. We shall present it in a manner so that the analogy with Drinfeld modules is transparent; in 
particular, this strengthens the analogy presented in [Yu03]. 

Let H be the real quaternions; it is a central R-division algebra with invariant —1/2. We will 
denote the reduced norm by det: H ^> R. Let Hi be the group of quaternions of norm 1. 

For a group H, we shall denote the set of conjugacy classes by HK Now suppose that H is a 
compact topological group and let fi be the Haar measure on H normalized so that p-{H) = 1. 
Using the natural map we give the quotient topology. The Sato- Tate measure on 

is the measure p-sT for which pst{U) = p{f~^{U)) for all open subsets U ^ HK 

Fix an elliptic curve E defined over a number field L, and let S be the set of non-zero prime ideals 
of Ol for which E has bad reduction. For each non-zero prime ideal p ^ 5 of O^, let E'p be the 
elliptic curve over Fp = Ol/P obtained by reducing E modulo p, and let vTp be the Frobenius endo- 
morphism of Ep/¥p. The characteristic polynomial of vTp is the polynomial Pe,p{T) € Q[T] of degree 
2 that is a power of the minimal polynomial of vTp over Q. We have Pe,p(T) = — ap{E)T + N(p) 
where A^(p) is the cardinality of Fp and ap{E) is an integer that satisfies |ap(£')| < 2A^(p)"^/^. 

Suppose that E/L does not have complex multiplication, that is, End2;(-E') = For each prime 
p ^ S, there is a unique conjugacy class 9p of such that Pe,p(T) = det (TI — 9p) (this uses that 
ap{E)'^ — 4iV(p) < 0). We can normalize these conjugacy classes by defining i9p = Qpj \l A^(p); it 
is the unique conjugacy class of Hi for which det(T/ — t?p) = — (opipE) j N (>p))T -|- 1. The 
Sato- Tate conjecture for E jL predicts that the conjugacy classes {^p\p^s ^"^^ equidistributed in H^^ 
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with respect to the Sato- Tate measure, i.e., for any continuous function /: — > C, we have 



p^5,7V(p)<x 



Note that Hi and SU2(C) are maximal compact subgroups of (H C)^ = GL2(C) and are 
thus conjugate. So our quaternion formulation agrees with the more familiar version dealing with 
conjugacy classes in SU2(C). [The Sato- Tate conjecture has been proved in the case where L is 
totally real and E has non-integral j-invariant, cf. [CHT08,Tay08,HSBT10]] 

Remark 1.3. The analogous case is a Drinfeld module (p: A ^ L[t] with generic characteristic and 
rank 2 where L is a global function field. The algebra is a central Foo-division algebra with 
invariant —1/2. For each place p ^ oo of good reduction, there is a unique conjugacy class 9^ of 
such that det(T/ — Op) = P0^p(T). This information is all encoded in our function p^o, since 
9p is the conjugacy class containing /?oo(Frobp). We will discuss the equidistribution law in §1.4; it 
will be a consequence of the function field version of the Chebotarev density theorem. 

Now suppose that E/L has complex multiplication, and assume that R := 'Endj^{E) equals 
Endi(i?). The ring R is an order in the quadratic imaginary field K := iiCgi^Q. For p ^ S, reduction 
of endomorphism rings modulo p induces an injective homomorphism K ^ EndFp(i?p) 0zQ. whose 
image contains vTp; let 9p be the unique element of K that maps to vTp. 

From the theory of complex multiplication, there is a continuous homomorphism 

Pe,oo-Wl^{K®qW)'' = (Endi (E) ®z K) 

such that /9_E,oo(Erobp) = Op for all p ^ S, where Wl is the Weil group of L; see [Gro80, Chap. 1 §8]. 
(Using the Weil group here is rather excessive; the image is abelian, so the representation factors 
through which in turn is isomorphic to the idele class group of L.) Choose an isomorphism 
C = K (8>Q R. We can normalize by defining i}p = 9pl \J A^(p) which belongs to the group S of 
complex numbers with absolute value 1. Then the Sato- Tate law for EjL says that the elements 
{t?p}p^5 are equidistributed in S. This closely resembles the case where (/) is a Drinfeld module 
of rank 2 and Endi;,((/)) has rank 2 over A\ we then have a continuous homomorphism : 
=(EndL(</.) ®aFoo)^ 

1.4. Equidistribution law. Let (j): A —?■ L[t] be a Drinfeld module of rank n. To ease notation, set 
D = D^. Let Od be the valuation ring of D with respect to the valuation ord^-i : L> — > ZU {-|-oo}. 
The continuous homomorphism poo : Wl —^D^ induces a continuous representation 

Poo : Gah ^ 

where is the profinite completion of D^. 

Now suppose that L is finitely generated and that End2;(0) = (piA) (similar remarks will hold 
without the assumption on the endomorphism ring). Choose a scheme X as in §1.2 and let \X\ 
be its set of closed points. For a subset S of \X\, define Fs{s) = "^x&s where N{x) is the 

cardinality of the residue field ¥x- The Dirichlet density of S is the value limg^i^+ Fs{s)/ F^x\is), 
assuming the limit exists, where d is the transcendence degree of L (see [Pin97, Appendix B] for 
details on Dirichlet density). 

Let p be the Haar measure on H := /Ooo(Gali) normalized so that p{H) = 1. Take an open 
subset U of H that is stable under conjugation. The Chebotarev density theorem then implies that 
the set 

{x G \X\ : Poo(Frob^) C U} 
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has Dirichlet density ^(Jf), cf. [Yu03, Corollary 3.5]. This equidistribution law can be viewed as 
the analogue of Sato- Tate. The choice of X is not important since different choices will agree away 
from a set of points with density 0. 

Theorem 1.1 implies that the group H is an open subgroup of D^. So for a "random" x G \X\, 
the element poo(F^ohx) will resemble a random conjugacy class of H, and hence a rather generic 
element oi . 

Fix a closed subgroup V of that does not lie in O^. That V is unbounded in the cx)-adic 
topology implies that the quotient group /V is compact. So as a quotient of poo, we obtain 
a Galois representation p: Gal^ — > /V. The image /j(GalL) is thus an open subgroup of finite 
index in /V and as above, the Chebotarev density theorem gives an equidistribution law in 
terms of Dirichlet density. These representations can be viewed as analogues of the normalization 
process described in §1.3 for non-CM elliptic curves; observe that H^/]R>o is naturally isomorphic 
to Hi where M>o is the group of positive real numbers. 

Remark 1.4. We have used Dirichlet density instead of natural density because the finite extensions 
of L arising from p^o are not geometric, i.e., the field of constants will grow. Natural density can 
be used if one keeps in mind that pooiGal{L^^P / Lk)) = PooiWi) n O^. 

There are many possibilities for the image of poo and hence there are many possible Sato- Tate 
laws for a Drinfeld module 0; this contrasts with elliptic curves where there are only two expected 
Sato- Tate laws. 



To give a concrete description of an equidistribution law, we now focus on a special case: the 
distribution of traces of Frobenius when p^o is surjective. 

For each closed point x of X, we define the degree of x to be deg(x) = [F^; : Fqo]. For each 
integer d> 1, let \X\d be the set of degree d closed points of X. Note that \X\d is empty if d is not 
divisible by \Fl '■ Fqq] where is the field of constants of L. (This notion of degree depends not 
only on X but on the extension L/F arising from i;^.) 

For each closed point x of X, let ax{cl)) € Ahe the trace of Frobenius of (j) at x; it is (— 1)"^^ times 
the coefficient of T"^-'^ in P^ ^iT)- We have Uxicp) = tr{poo{FTohx)) where tr : D — )• F^c is the reduced 
trace map. The Drinfeld module analogue of the Hasse bound says that ordoo(«x > — deg(x)/n, 
and hence aa;(</')'7rL'^'^^(^')/"J belongs to Ooo where vr is a uniformizer of Fao- 

Theorem 1.5. Let (p: A L[t] be a Drinfeld module of rank n > 2 with generic characteristic 
where L is finitely generated. Assume that Poo{Wl) = . 

Let TT be a uniformizer for F^q and let p be the Haar measure of Ooo normalized so that p{Ooo) = 
1. Let S be the set of positive integers that are divisible by [F^ : Fqo]. Fix a scheme X as in ^1.2. 

(i) For an open subset U of Ooo, we have 

cZ£5, d^O ( mod n) 
d— >-+oo 

(ii) Let V be the measure on Ooo such that if U is an open subset of one of the cosets a -\- ttOoo 
of Ooo , then 

gdcc{n-i) I (^^d^n _ . ^(^) otherwise. 
For an open subset U of Ooo, we have 



v{U) 



#{x £ \XU : a.(</')7rL'^/"J £ U} 
1™ I^TTFl = ^(^)- 

de5, d=0 (mod n) Jf\J^\d 



Remark 1.6. Theorem 1.5(i) proves much of a conjecture of E.-U. Gekeler [Gek08, Conjecture 8.18]; 
which deals with rank 2 Drinfeld modules over L = F = k(t) with vr = t~^. (Gekeler's assumptions 
are weaker than End|;(0) = (j){A) with p^o surjective). 

1.5. Application: Lang- Trotter bounds. Let (p: A ^ L[t] be a Drinfeld module of rank n 
with generic characteristic. For simplicity, we assume that L is a global function field and that 
End^(0) = (piA). Fix X as in §1.2. 

Fix a value a € A, and let P(i,^a{d) be the number of closed points x of X of degree d such that 
<ix{4>) = « (see the previous section for definitions). We will prove the following bound for P^^a{d) 
with our Sato- Tate law. 

Theorem 1.7. With assumption as above, we have 

where the implicit constant depends only on (j) and ordoo(a)- 

The most studied case is n = 2 which is analogous to the case of non-CM elliptic curves (see 
Remark 1.8). With F = k{t), A = k[t] and L = F, A.C. Cojocaru and C. David have shown 
that P^^a{d) <€. q^'^/^)'^ /d^/^ and P^fl{d) <C where the implicit constant does not depend 

on a (this also can be proved with the Sato- Tate law). For n = 2, the above theorem gives 
Pcl>,a{d) < g^^/^)"' for all a. For arbitrary rank n > 2, David [DavOl] proved that P4>^a{d) < q'^^'^^'^/d 
where 6{n) := 1 — l/(2n^+4n). These bounds were proved using the A-adic representations (A 7^ 00) 
associated to (j)- 

Remark 1.8. Let ii^ be a non-CM elliptic curve over Q. Fix an integer a, and let PE,a{x) be the 
number of primes p < x for which E has good reduction and ap{E) = a. The Lang- Trotter conjecture 
says that there is a constant CE,a > such that PE,a{x) ~ CE,a ■ x^l"^ j log x as x — )■ -|-cxd; see [LT76] 
for heuristics and a description of the conjectural constant (if CE,a = 0, then the asymptotic is 
defined to mean that PE,a{x) is bounded as a function of x). Under GRH, Murty, Murty and 
Saradha showed that Pe^^) < x^/^ / {\ogxY'^ for a 7^ and Pb,o(x) < x^/^ [MMS88]. 

Assuming a very strong form of the Sato- Tate conjecture for E (i.e., the L-series attached to 
symmetric powers of E have analytic continuation, functional equation and satisfy the Riemann 
hypothesis), V. K. Murty showed that PE,a{x) <C x^/^(log x)"*^/^, see [Mur85]. 

Let \X\(i be the set of closed points of X with degree d. We shall assume from now on that d is 
a positive integer divisible by [F^ : k] where is the field of constants in L (otherwise, \X\ii = 
and P^^aid) = 0). 

Let us give a crude heuristic for an upper bound of P0^a(d). Fix a point x G \X\ii. By the Drinfeld 
module analogue of the Hasse bound, we have ordoo (a^; ((/>) ) > —d/n. The Riemann- Roch theorem 
then implies that |{/ € A : ovdooif) > "d/nyi = gL<^/"-J'^°o+i-3 for all sufficiently large d, where g 
is the genus of F. So assuming ax{(j)) is a "random" element of the set {f ^ A : ordoo(/) > ~d/n}, 
we find that the "probability" that ax{(t>) equals a is So we conjecture that 

qdoo-d ^ qdao{l-l/n)d 
P<j,,a{d) <^ 2^ dao-d/n = ■ d^-d/n ^ gd^ d/n = ^ " 

Remark 1.9. In this paper, we are only interested in upper bounds. The most optimistic analogue 
of the Lang- Trotter conjecture would be the following: there is a positive integer and constants 
C(j,^a{d) > such that 

as d — > -|-oo where C^^a{d) depends only on (j), a and d modulo N . The Sato- Tate conjecture 
for (j) would be an ingredient for an explicit description of the constant C(j)^a{d)- (The conjecture 

6 



is in general false if we insist that = 1. For rank 2 Drinfeld modules over k(t) and a = 0, 
[Dav96, Theorem 1.2] suggests that N is usually 2.) 

To prove Theorem 1.7, we will consider the image of poo in the quotient / {F^{1 + tt^Od)) 
where vr is a uniformizer of F^o and j ~ d/n?. 

1.6. Compatible system of representations. Let (p: A ^ L[t] be a Drinfeld module of rank n. 
For a non-zero ideal a of A, let 4>[a\ be the group oi b € L such that 4>a{b) = for all a € A (where 
we identify each (pa with the corresponding polynomial in L[X]). The group (j)[a] is an ^/a-module 
via (j) and if o is not divisible by the characteristic of (j), then (j)[a] is a free A/a-module of rank n. 
For a fixed place A 7^ oo of F, let px be the maximal ideal of 0\. The A-adic Tate module of (f) is 
defined to be 

% 

If Pa is not the characteristic of 0, then Tx{4>) is a free OA-module of rank n. There is a natural 
Galois action on Tx{(f)) which gives a continuous homomorphism 

pa: Gali ^ Auto,(rA((^)). 

Now suppose that (f) has generic characteristic and that L is a finitely generated. Take a scheme 
X as in §1.2. For a closed point x of X, let A^ be the place of F corresponding to the characteristic 
of (px- For a place A 7^ A^^ of F, we have 

P<^,,(r) = det(r/ - pA(Frob,)) 

(for A 7^ 00, we are using kuto^{Tx{(p)) = GL„(Oa) and [Gos92, Theorem 3.2.3(b)]). This prop- 
erty is one of the reasons it makes sense to view poo as a member of the family of compatible 
representations {pa}- 

There is a natural map 'Endj^{(p) ^ Enda^ {Tx{(p)) and the image of pA commutes with Endi((/)). 
We can now state the following important theorem of R. Pink; it follows from [Pin97, Theorem 0.2] 
which is an analogue of Serre's open image theorem for elliptic curves [Ser72]. Theorem 1.2 can 
thus be viewed as the analogue of this theorem for the place 00; our proof will closely follow Pink's. 

Theorem 1.10 (Pink). Let (p: A L[t] be a Drinfeld module with generic characteristic, and 
assume that the field L is finitely generated. Then for any place A 7^ 00 of F, the image of 

pa: GalL ^ Auto, (Ta ((/<)) 

is commensurable with CentEndo^(T;^{</)))(Fnd^(0))^ . 

Example 1.11 (Explicit class field theory for rational function fields). As an example of the utility 
of viewing poo as a legitimate member of the family {pa}a; we give an explicit description of the 
maximal abelian extension F^^ in F^^^ of the field F = k{t), where k is a finite field with q elements. 
We will recover the description of F'^^ of Hayes in [Hay 74]. Using the ideas arising from this paper, 
we have given a description of F^^ for a general global function field F, see [Zywll]. 

Let 00 be the place of F correspond to the valuation for which ordoo(/) = — deg/(t) for each 
non-zero / € k[t]; the function t~^ is a uniformizer for Ooo- The ring of rational functions that 
are regular away from 00 is A = k[t]. Let (p: A ^ F[t] be the homomorphism of /c-algebras that 
satisfies (pt = t + t; this is a Drinfeld module of rank 1 called the Carlitz module. 

If p is a monic irreducible polynomial of k[t], then pA(Frobp) = p for every place A of F except 
for the one corresponding to p (for X ^ 00, this follows from [Hay 74, Cor. 2.5]). In particular, one 
finds that the image of poo : Wp = F^ must lie in (t) • (1 + t~^Ooo)- For A 7^ 00, we make 
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the identification Autc)^ (T\ ((/>)) = . Combining our A-adic representations together, we obtain 
a single continuous homomorphism 

Hpa: W^l' ^ ( n ^a") X it) ■ (l + t-'Ooo). 

X A^oo 

Let be the idele group of F. The homomorphism (Ux^oo ^x) ^ (*) ' (1 + ^^^000) A^/F^ 
obtained by composing the inclusion into A^ with the quotient map is an isomorphism. Composing 
IIa/'A with this map, we obtain a continuous homomorphism 

The map /3 embodies explicit class field theory for F. Indeed, it is an isomorphism and the 
homomorphism Wp^ — > Ap/F^, s 1-^ is the inverse of the Artin map of class field theory! 

See Remark 3.5, for further details. In particular, observe that the homomorphism /3 does not 
depend on our choice of 00 and (j). 

By taking profinite completions, we obtain an isomorphism 

Gal(F^V^) ^ ( n ^a) X 5) • (1 + t"'Ooo). 

of profinite groups. This isomorphism allows us to view F^^ as the compositum of three linearly 
disjoint fields. The first is the union Ki of the fields F((/)[a]) where a varies over the non-zero 
ideals of A, see [Hay 74] for details; these extensions were first constructed by Carlitz. We have 
Gal(i^i/F) ^ Ha^oo • The second extension is the the field K2 = it satisfies Gal{K2/F) ^ 
Gal{k/k) ^ Z. 

Finally, let us describe the third field C F^^, i.e., the subfield for which induces an 
isomorphism Gal{K3/F) — > 1 + t~^Ooo- We first find a series u = Yl'^o ^i'^"^ ^ -^[''"""'^1^ which 
u~^(j)tu = T, and hence u^^(/){A)u C A;((r~^)). Expanding out (ptu = ut, this translates into the 
equations: 

oo S and '^'j+i ~ '^j+i = J ^ 0- 

Set ao = 1 and recursively find aj € F^^^ that satisfy these equations. We then have a chain of 
fields F = F{ao) C F{ai) C F[a2) C . . .. Note that the field F{aj) does not depend on the choice 
of ttj and [F{aj) : F] < . For each j > 0, let Lj be the subfield of K-^ for which p^o induces 
an isomorphism Gal(Lj/F) ^ (1 + t~^C'oo)/(l + t"(^'+^^Ooo)- The field Lj depends only on u 
(mod r-(-'+^)F|T-i]), so we have Lj C F{aj). Since = [Lj : F] < [F{aj) : F] < q^ , we deduce 
that 

K3=\J F{a,) and G&l{F{aj)/F) ^ (1 + t~'Oo.)/{l + t~^^+^^Ooo). 
j>o 

In [Hay 74], Hayes constructs the three fields Ki, K2, K3 and then showed that their compositum 
is F'^^. The field is constructed by consider the torsion points of another Drinfeld module but 
starting with the ring A:[t~^] instead. The advantage of including p^o is that the proof is easier and 
that the fields K2 and K3 arise naturally from our canonical map f3. 

1.7. Overview. In §2, we shall define our Sato- Tate representation p^o and prove its basic prop- 
erties. 

In §3, we prove the rank 1 case of Theorem 1.2. The proof essentially boils down to an application 
of class field theory. The rank 1 case will also be a key ingredient in the general proof of Theorem 1.2. 

In §4, we shall prove an oo-adic version of the Tate conjecture. The prove entails replacing (j) 
with its associated A- motive (though we will not use that terminology), and then using Tamagawa's 
analogue of the Tate conjecture. We have avoided the temptation to define a Sato- Tate law for 
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general j4-motives, but the author hopes to return to it in future work (the corresponding openness 
theorem would likely be extremely difficult for a general j4-motive since the general version of 
Theorem 1.10 remains open). 

In §5, we prove Theorem 1.1. Our proof uses most of the ingredients from Pink's proof of 
Theorem 1.10. In §6, we deduce Theorem 1.2 from Theorem 1.1. 

Finally, in §7 and §8, we prove Theorem 1.5 and Theorem 1.7, respectively. A key ingredient in 
both proofs is the Chebotarev density theorem. 

Acknowledgements. Thanks to Bjorn Poonen and Lenny Taelman. 

2. Construction of p^o 

Let (p: A ^ L[t] be a Drinfeld module. As noted in §1.2, extends uniquely to a homomorphism 

</.:Foo-^LP^'-^((r-i)) 

that satisfies (1.1) for all non-zero x G Foq. 

Our first task is to prove that there exists a series u € L((t~^))^ for which u~^(l){Foo)u C fc((r^^)); 
this is shown in [Yu03, §2] , but we will reprove it in order to observe that the coefficients of u actually 
lie in Fix a non-constant y G A. We have (j)y = Y^^^q^jt^ with bj G L and b^ ^ 0, where 

h := — ntioo ordoo(y)- Choose a solution 6 G L^^'^ of 6'^^~^ = 1/bh- Set = 1 and recursively solve 
for oi , 02 , a3 . . . G L by the equation 

(2.1) af-a, = - 

0<j<h-l 
i+j-h>0 

The Oj belong to L^'^^ since (2.1) is a separable polynomial in Oj and the values bj and 5 belong to 

Lemma 2.1. With 6 and a.j as above, the series u := 5{^^QaiT~^) G L((t~"'^))^ has coefficients 
in L^^P and satisfies u~^(f){A)u C k{[T~^)). 

Proof. Expanding out the series (pyU and ut^ and comparing, we find that cfiyU = ut^ (use (2.1) and 
gq^-i — 1/5^). Let kh be the degree h extension of k in k. The elements of the ring L((r~^)) that 
commute with r'^ are kh{{T~^)). Since = u~^cl)yU belongs to the commutative ring u~^(f){F^)u, 
we find that u~^cl){Fao)u is a subset of kh([T~^)). Thus u G L{{t~^))^ has coefficients in L^°^ and 
satisfies u~^(j){Foo)u C A;((r~^)). □ 

Choose any series u G L((r~^))^ that satisfies u~^(/){A)u C A:((r~"^)) and has coefficients in L'^'^p. 
Define the function 

Recall that is the centralizer of 4>{A) in Lilr"^)). The following lemma gives some basic prop- 
erties of Poo] we will give the proof in §2.1. In particular, poo is a well-defined continuous homo- 
morphism that does not depend on the initial choice of u. Our construction varies slightly from 
Yu's, cf. §2.2. 

Lemma 2.2. 

(i) There is a series u G L((r~^))^ that satisfies u~^<p{Foo)u C k([T~^)), and any such u has 
coefficients in L^'^^ . 

(ii) The ring is a central F^o-division algebra with invariant —1/n. 

(iii) Fix u as in (i) and take any a G Wl. The series (T(n)r'^'^s(o')^-i belongs to and does 
not depend on the initial choice of u. 
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(iv) For a G Wl, we have ord^-i poo{iy) = —deg{a). 

(v) The map p^o ■ Wl — >■ is a continuous group homomorphism. 

(vi) The group Poo(Wl) commutes with EndL(0). 

Lemma 2.3. Assume that (j) has generic characteristic, L is finitely generated, and let X be a 
scheme as in ^1.2. Then the homomorphism pao- Wl is unramified at each closed point of 

X of X and we have P^^xiT) = det{TI — /9oo(Frob^)). 

Proof. These results follow from [Yu03]; they only depend on poo up to conjugacy so we may use Yu's 
construction (see §2.2). Note that Lemma 3.2 of [Yu03] should use the arithmetic Frobenius instead 
of the geometric one; the contents of that lemma have been reproved below in Example 2.4. □ 

Example 2.4. Let (j): A L[t] be a Drinfeld module of rank n and L a finite field. The group Wl 
is cyclic and generated by the automorphism Probi^ : x i— )• x''^'. We have L^^"^ = k, and hence u := 1 
satisfies the condition of Lemma 2.2(i). Thus Poo{o') = cr{u)T'^'^^'^u~^ = t'^^^^'^^ for all a € Wl, and 
in particular, poo(Frobi) = r^^'-'^h Note that vr := rt^'*^! belongs to EndL((^). 

Let E be the subfield of EndL(^) F generated by F and vr. Let € F\r] be the minimal 
polynomial of tt over F. The characteristic polynomial P(f,{T) of vr is the degree n polynomial that 
is a power of f,p{T). 

By [Dri77, Prop. 2.1], E ®f Foo is a field and hence ftf, is also the minimal polynomial of vr over 
Foo- The characteristic polynomial of the Foo-linear map — >■ I?^, a i— ?• vra is thus a power of 
This implies that the degree n polynomial det(T/ — vr) is a power of f^f,, and hence equals P^{T). 
Therefore, 

P^(r) =det(r/-poo(Frobi)). 

2.1. Proof of Lemma 2.2. Fix a uniformizer vr of F^. There is a unique embedding l: Fqo — ^ 
kilj^"^)) of rings that satisfies the following conditions: 

• i{x) = X for all X G Fqo, 

• t(vr) = r~''"^°°, 

• ord^-i(t(x)) = ndoo ordoo(a;) for all x S F^. 

Let and k^d^ be the degree and ndoo extensions of k, respectively, in k. We have 
i(Foo) = A;d^((T""'^°°)). Let D, be the centralizer of i(Foo) in I((r-i)); it is an Foo-algebra via 
L. Using that kd^ and t^'^°° are in l{Foo), we find that -D^ = fe„d^((T~'^°°)). One can verify that 
is a central Foo-division algebra with invariant — 1/n. 

By Lemma 2.1, there is a series u G L[[t~^))^ with coefficients in L^^^ such that u~^(j){Fao)u C 
A?((r-i)). Take any v G L{{t-^)Y that satisfies v-^(l){F^)v C fc((r~i)). By [Yu03, Lemma 2.3], there 
exist Wl and W2 G A;|r~^]^ such that 

i{x) = {u~^(j)xu)'Wi and l{x) = {v~^4'xv)w2 

for all X G F^. So for all x G Fqo, we have {uwi)l{x){uwi)~^ = <Px = {VW2) i{x){vw2)~^ and hence 

{w2^V~^UWi)l{x){w2^V~^UWi)~^ = l{x) . 

Therefore W2^v~^uwi belongs to C fc((r~^)), and hence v = uw for some w G A;((r~^))^. The 
coefficients of lie in L^^p since the coefficients of u lie in L'^'^p and w has coefficients in the perfect 
field k C L^^P. This completes the proof of (i). 

We have shown that the series g := uwi G L{{t~^)) satisfies i{x) = g~^4'x9 for all x G -Foo- The 
map D^, f 1— )■ g~^fg is an isomorphism of Foo-algebras. Therefore, D^p is also a central 

-Foo-division algebra with invariant —1/n; this proves (ii). 
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Take any a G Wl- Since w has coefficients in k, we have a{w) = t'^^^^'^^wt '^'^si^^ ^nd hence 

This proves that /Ooo(c) := (t{u)t'^'^^^'^^u~^ is independent of the initial choice of u. 

To complete the proof of (iii), we need only show that Poo(o") commutes with (j){A). We will now 
prove (vi) , which says that p^o (cr) commutes with the even larger ring End/, ((/>) . Take any non-zero 
/ G EndL{(/)). Since / commutes with 0(A), and hence with (j){Foo), we have {fu)~^(j){F^){fu) C 
A;((r~^)). Since Poo{<7) does not depend on the choice of u, we have 

Since / has coefficients in L, we deduce that /Ooo(c)/ = fpoo{(^), as desired. 
For part (iv), note that 

ord^-i{poo{a)) = ord^-i(CT(u)) +ord^-i(T'^"s('^)) -ord^-i(n) 
= ord^-i(ti) — deg((T) — ord^-i(u) = —deg{a). 

It remains to prove part (v). We first show that poo is a group homomorphism. For o"i, C72 € Wl, 
we have 

We have used part (iii) along with the observation that if u~^(f){A)u C fc((r~-^)), then a'){u)~^ (j){A)a2{u) C 
%-!)). 

Finally, we prove that poo is continuous. By Lemma 2.1, we may assume that u is of the form 
X]£o with oo 7^ 0. Let Od^ be the valuation ring of ord,— i : — ZU{+oo}; it is a local ring. 

By part (iv), we need only show that the homomorphism Gal(L'''^P/LA;) continuous. It 

thus suffices to show that for each j > 1, the homomorphism 

/3,: Gal(L-P/L^) ^ O^^ ^ (O^./vt^Od,)" 

has open kernel, where vr is a fixed uniformizer of -Fqo- For each a € Gal(L'^'^P/LA;), we have Poo(f) = 
cr(ii)M^"'^. One can check that /3j(o-) = 1, equivalently ord,— i(/3oo(o') — 1) > ord,—i ((/)!) = nd^oj, 
if and only if ord,— i ((T(ti)«~^ — 1) = ord^-i((T(n) — u) is at least ndooj- Thus the kernel of /3j is 
Gal(F'^'^P/Lj) where Lj is the finite extension of Lk generated by the set {ai}o<i<n(iooi- 

2.2. Yu's construction. Let us relate our representation p^o to that given by J.K. Yu in [Yu03]. 
Assume that L is perfect. Let l: F^o — )• A;((t~^)) be the embedding of §2.1. Choose a series 
uq G L((t~^))^ for which l{x) = UQ<j)xUQ^ for all x G F^o- The representation defined in [Yu03, §2.5] 
is 

000-. Wl^d:^, noa(^xo)~ V'i'^sM 

where D,^ is the central Foo-division algebra with invariant —1/n described at the beginning of §2.1. 
The connection with our representation is that 

for all cr G Wl- A different choice of uq will change Qoo by an inner automorphism of . (For L 
not perfect, one can construct p^o : VF^pcrf — )■ as above, and then use the natural isomorphism 
Wl = P^LPcf.) 
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2.3. Aside: Formal modules. Let us quickly express the above construction in terms of formal 
modules; this will not be needed elsewhere. Let <j): A ^ L[t] be a Drinfeld module of rank n and 
assume that L is perfect. Then (/) extends uniquely to a homomorphism (p: ^ L((r~^)) that 
satisfies (1.1) for all non-zero x € -Fqo- In particular, restricting to Oqo defines a homomorphism 

To each formal sum / = X^^^^ a^r^ with G L, we define its adjoint by /* = J2iez 
/i,/2 G i[r-il, we have (/1/2)* = and {f^)* = fi. Define the map 

if. Ooo^ Llrj, x^4>l. 

Using that Ooo is commutative, we find that 93 is a homomorphism that satisfies 

ordr ip{x) = ndoo ordoo(2;) 

for all X G Ooo- In the language of [Dri74, §1D], 93 is a formal Ooo-iTnodule of height n. 

If one fixes a formal Ooo-module z. : O^o then by [Dri74, Prop. 1-7(1)] there is a u € -^^|t]^ 

such that v~^ip{x)v = i{x) for x G Ooo- Let V^p be the centralizer of ip{Ooo) in L{{t)). By 
[Dri74, Prop- 1.7(2)], is a central i^oo-division algebra with invariant 1/n and D Lfr} is the 
ring of integers of V^p. One can then define a continuous homomorphism 

q:Wl^V^, CT(t;)r'^°sM^-i^ 

For a G Wl, we have Poo{(^) = (f?(c")*)~^- Note that this construction works for any formal Ooo- 
module Ooo ^1^} with height 1 < n < 00. 

3. Drinfeld modules of rank 1 

Let (p: A ^ L[t] be a Drinfeld module of rank 1 with generic characteristic. For a place A 7^ cxd 
of F, the Tate module Tx{4>) is a free C';^-module of rank 1. The Galois action on Tx{(j)) commutes 
with the C';^-action, and hence our Galois representation px is of the form 

px: GalL^Auto,{Tx{^)) = 0^. 

For the place 00, we have defined a representation 

Poo-. Wl^D^=F^, 

where equals Foo since it is a central Foo-division algebra with invariant —1. In this section, we 
will prove the following proposition, whose corollary is the rank 1 case of Theorem 1.2. 

Proposition 3.1. Let (p: A L[t] be a Drinfeld module of rank 1 with generic characteristic and 
assume that L is a finitely generated field. Then the group {WxP^^^l) is an open subgroup with 
finite index in (Oa^oo ) 

Corollary 3.2. Let (p: A ^ L[t] be a Drinfeld module of rank 1 with generic characteristic and 
assume that L is a finitely generated field. Then PooiWi) is an open subgroup with finite index in 

3.1. Proof of Proposition 3.1. Since 4> has generic characteristic, it induces an embedding F ^ L 
that we view as an inclusion. The following lemma allows us to reduce to the case where L is a 
global function field and L/F is an abelian extension. 

Lemma 3.3. // Proposition 3.1 holds in the special case where L is a finite separable abelian 
extension of F, then the full proposition holds. 

12 



Proof. Let Ha be the maximal unramified abelian extension of F in F^^^p for which the place oo 
splits completely; it is a finite abelian extension of F. Choose an embedding Ha C L^°p. By 
[Hay92, §15] (and our generic characteristic and rank 1 assumptions on (p), there is a Drinfeld 
module (j)' : A ^ Ha[t] such that (j) and (f>' are isomorphic over L^^"^ (since L is a finitely generated 
extension of F, we can choose an embedding of L into the field C of loc. cit.). Moreover, there is 
a finite extension L' of LHa such that <j) ai^d (j)' are isomorphic over L' . Therefore, (Ylx P(l>,x)i^L') 
and {UxP<P',x)iWL') are equal in (Ha^oo ) x 

By the hypothesis of the lemma, we may assume that {Y\x P^' ,x)iWHA) is an open subgroup of 
finite index in (Ha^oo ^a ) ^ -^cx>- Replacing Ha by the finitely generated extension L', we find that 
(Ha P0',a)(^L') is still an open subgroup of finite index in (Ha^oo ^a ) ^ -^oo (though possibly of 
larger index). Therefore, (Hx P^,>^)i^L) contains (Ha /^<^,a)(^L') = (Ha P<^',a)(^L') which is open 
and of finite index in <J\x^oo C>x) x P^- D 

By the above lemma, we may assume without loss of generality that L is a finite separable and 
abelian extension of F. The benefit of L being a global function field is that we will be able to 
use class field theory. Since Px\wl is continuous with commutative image, it factors through the 
maximal abelian quotient W^^ of Wl- Let be the group of ideles of L. For each place A of F, 
we define the continuous homomorphism 

px:Al^Wt^F- 

where the first homomorphism is the Artin map of class field theory. The homomorphism px is 
trivial on L^, and has image in when A 7^ 00. Define Lx := L^p Fx and let Nx- Lx — > i^A be 
the corresponding norm map. Define the continuous homomorphism 

X\:K^P\^ " ^ P\{a)Nx{ax) 

where ax is the component of a in = HiijA ^v- 

Let S be the set of places of L for which </> has bad reduction or which lie over 00. For v ^ S, 
let Xy be the place of F lying under v. For each place v ^ S of L, define Tiy := poo 

(R-ob„). By 

Lemma 2.3, iTy belongs to F^; it also equals px{Fvohy) for all A 7^ A,;. For each place v ^ S oi L 
and A of F, we have 

r [F, : FaJ if a = A„ 
(3.1) ordA(7r^) = < -[F^ : Foo] if A = cxd, 

[0 otherwise, 

cf. [Dri77, Proposition 2.1]. We now show that x\ is independent of A. 

Lemma 3.4. There is a unique character x- — > F^ that satisfies the following conditions: 

(a) ker(x) is an open subgroup o/A^. 

(b) IfaeL"", then x{a) = NL/pia). 

(c) If a = (ay) is an idele with Uy = \ for f G 5, then x(a) = Hills' ^"'^"^""^ ■ 
For every place A of F , we have Xa(o) = x(ct) for all a G A^. 

Proof. Fix a place A of F. If a G L^, then Xa(o) = ^\[oi) = N^ip^a) since pA is trivial on . 
Let Sx be those places of L that belong to 5 or lie over A. For an idele a € A^ satisfying = 1 
for V € Sx, we have XA(a) = /Oa(o) which equals Wy^g^ Px^^'^ohyY'^'^''^"'^^ since px is unramified 
outside 5a. Therefore, XA(a) = Wv^s^ TTy°'"^-^'^-\ 
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Define U = Yl^ ; it is an open subgroup of . Consider an idele 13 & U that satisfies 
/3v = b e for all v G S\. We then have 

which is an element of F^. Take a place A' 7^ 00 of F. By (3.1) and using that ordt,(6) = for 
f € Sa, we have 

ordv ( n <'^''"('^) =i;ord„(6)ordv(vr.) 
vtSx v\\' 

= ^[F, :Fv]ord,(6) 
v\X' 

= J^ordv NL^/F^,ib) = ordv NL/pib). 

v\\' 

Therefore, OYdy {x\{f^)) = for all A' / 00, and hence xa(/?) belongs to = . By weak 
approximation, the ideles (3 & U with 13^ = b £ for all v £ Sx are dense in U. Since xa is 
continuous, we deduce that xxiU) Q and hence ker(xA) is an open subgroup of A^. The group 
A^/ker(xA) is generated by and ideles with 1 at the places v G Sx, so xa takes values in . 

Define x '■= Xoo- We have just seen that x takes values in F^ and satisfies conditions (a), (b) 
and (c). Now suppose that x'- — )• F^ is a group homomorphism that satisfies the following 
conditions: 

• ker(x') is an open subgroup of A^ . 

• If a G L^, then x'(a) = 

• There is a finite set S' ^ S oi places of L such that x'i^t) = Otj^s' vr^,"'''^"*^"''^ for all ideles 
a with a„ = 1 for v G S' . 

The character x' is determined by its values on the group A^/(ker(x') nker(x)), and this group is 
generated by and the ideles with u-components equal to 1 for t; G <S". Since x and x' agree on 
such elements, we find that x' = X- This proves the uniqueness of a character satisfying conditions 
(a), (b) and (c). With x' = Xa and S' = Sx, we conclude that Xa = X- D 

Let Cp and Cl be the idele class groups of F and L, respectively. The natural quotient map 
( IIat^oo ^a ) ^ ^'xi Cp has kernel k^ and its image is an open subgroup of finite index in Ci;'. 
Since the px are trivial on , we can define a homomorphism /: Cl Cp that takes the idele 
class containing a G Ap to the idele class of Cp containing {])x{ot))x- To prove the proposition, it 
suffices to show that the image of / is open with finite index m. Cp. By the definition of the XA 
and Lemma 3.4, we have 

(PA(a))A = (xA(a)iVA(QA)-^)A = x(a)(iVA(«A)-')A 
Therefore, /(a) = Npip{a)~'^ for all a G Cl, where Nl/p- Cl — > Cp is the norm map. Class field 
theory tells us that Nl/p{Cl) is an open subgroup of Cf and the index [Cp : Nl/p{Cl)] equals 
[L : F]; the same thus holds for /. 

Remark 3.5. Consider the special case where A = k[t], F = k{t), and (p: k[t] F[t] is the Carlitz 
module of Example 1.11. As noted in Example 1.11, we have a continuous homomorphism 

l3:Wf^(^ll O^^ X (t) ■ (1 + i-^Ooo) ^ Cp 

where the first map is Yl-^ px and the second is the quotient map. Composing /3 with the Artin 
map of F, we obtain a homomorphism /: Cp — > Cp which from the calculation above is /(a) = 
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Npjp{a) ^ = a ^. Therefore, Cp, a t-^ f3{a ^) is the inverse of the Artin map for F as 

claimed in Example 1.11. 

4. Tate conjecture 

Let 0: j4 — > L[t] be a Drinfeld module of rank n and let be the centralizer of (/>(A) in L((r^^)). 
Using the extended map (/>: F^c — L^^^^ {{t~^]), we have shown that is a central Foo-division 
algebra with invariant —1/n. In §2, we constructed a continuous representation 

Poo: T^L^I?^. 

We can view EndL((/>) (g)^ 

-Poo ^-s a i^oo"Subalgebra of -D^; it commutes with the image of poo- 
The following oo-adic analogue of the Tate conjecture, says that EndL{(j)) '^a Foo is precisely the 
centralizer of /Ooo(I^l) in D^f,, at least assuming that L is finitely generated and cj) has generic 
characteristic. 

Theorem 4.1. Let (p: A ^ L[t] be a Drinfeld module with generic characteristic and L a finitely 
generated field. Then the centralizer of Poo{Wl) in is Endi((/)) <8>a Poo- 

For the rest of the section, assume that L is a finitely generated field. Recall that for a place 
A ^ oo, the A-adic version of the Tate conjecture says that the natural map 

(4.1) EndL(0) Pa ^ Endp,[Gai^] (Va(0)) 

is an isomorphism. This is a special case of theorems proved independently by Taguchi [Tag95] 
and Tamagawa [Tam95]; we will make use of Tamagawa's more general formulation. We can 
give Endp^{V\{4>)) a Gali-action by cr(/) := p\{cr) o f o px{a)~^. That (4.1) is an isomorphism 
is equivalent to having 'Endp^{Vx{(l)))'^''^^'' = Endi((^) ®a P\. For the oo-adic version, the ring 

has a natural Gal(L/L)-action and the subring jj^^^^^/^^ = Cent^pcrf((-^-i))(i;^(A)) certainly 
contains EndL(i;^) Foo; we will show that they are equal, and from the following lemma, deduce 
Theorem 4.1. 

Lemma 4.2. jf j}*^^^^^/^^ = EndL((/>)®APoo, then the centralizer of Poo{Wl) in is EndL{4>)'^A 

^ oo ■ 

Proof. Fix an / E that commutes with PooiWi). Take any a € Wl- The series / and Poo{cr) 
commute, so we have 

^(^)^deg(<x)^-i . f = f. a(u)T<^^sMn-\ 
where u is a series as in Lemma 2.2(i). Therefore, 

a{u)-^fa{u) = T'^^s(^)(n-Vn)r-'^^sW ^ aiu'^fu) 

where the last equality uses that u~^fu has coefficients in k. Since Wl is dense in Galj;,, we 
have a{u)~^ f a{u) = a{u~^fu) for all a E Gal/, and hence also for all a G Gal(L/L). Therefore, 
a{u)~^ fa{u) = a{u)~^a{f)a{u) and hence cr(/) = /, for all a G Gal(L/L). So / belongs to 
j^Gai(L/L) thus an element of EndL((/>)(8>APoo by assumption. This proves that the centralizer 

of Poo{Wl) in is contained in EndL(^) iSia Poo-! we have already noted that the other inclusion 
holds. □ 

The rest of §4 is dedicated to proving Theorem 4.1. To relate our construction with the work 
of Tamagawa, it will be useful to replace (p with its corresponding A-motive. We give enough 
background to prove the theorem; this material will not be needed outside §4. 
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4.1. Etale r-modules. Let L be an extension field of k (as usual, A; is a fixed finite field with q 
elements). Let Li^t^^)) be the (commutative) ring of Laurent series in with coefficients in L. 
Define the ring homomorphism 

i i 

Let i? be a subring of L(lt~^)) that is stable under a; for example, L[t], Lit) and L(lt~^)). 

Definition 4.3. A r-module over is a pair {M,tm) consisting of an i?-module M and a a- 
semilinear map tm : M ^ M (i.e., tm is additive and satisfies TM^fm) = (7{f)TM{m) for all / € i? 
and m € M). A morphism of r-modules is an i?-module homomorphism that is compatible with 
the T maps. 

When convenient, we shall denote a r-module {M,tm) simply by M. We can view i? as a r- 
module over itself by setting tr = a\ji. For an i?-module M, denote by a*{M) the scalar extension 
R^(j^jiM of M by (t: R R. Giving a a-semilinear map tm : M ^ M is thus equivalent to giving 
an i?-linear map 

which we call the linearization of tm- We say that a r-module M over R is etale if M is a free 
i2- module of finite rank and the linearization TM,\in- cr*{M) — ?> M is an isomorphism. 

Let Ml and M2 be r-modules over R. We define Mi (S>rM2 to be the r-module whose underlying 
i?-module is Mi (g)^ M2 with r map determined by tmi^iiM2 ("^1 ® "^2) = ("^i) ® TM2 ("t-2)- Now 
suppose that Mi is etale. Define the i?-module H := HomK(Mi,M2). Let th - H ^ H he the 
cj-semilinear that corresponds to the iZ-linear map 

a* (H) ^ H, f ^ TM2M °f° '^TT/Liin' 

where we are using the natural isomorphism cr*{H) = Hom/j((T*(Mi), (7*(M2)). The pair {H,th) 
is a r-module over R. If Mi and M2 are both etale over R, then H is also etale. 

Suppose that R C R' are subrings of L((t~^)) which are stable under a. Let M be a r-module 
over R. We can then give R' iSirM the structure of a r-module over R' . If M is etale, then R' ®rM 
is an etale r-module over R' . 

For a r-module M, let M^ be the group of m € M for which TM{fn) = m; it is a module over 
the ring Rq := {r ^ R : a{r) = r} (for R = L{t) and L{{t-^)), we have Rq = k{t) and k{{t-^)), 
respectively). Let H be the r-module Hom/j(Mi,M2) where Mi and M2 are r-modules and Mi is 
etale; then H'^ agrees with the set Hom(Mi,M2) of endomorphisms Mi — > M2 of r-modules. 

4.2. Weights. Fix a separably closed extension K of k. We shall describe the etale r-modules over 
iir((i~^)); it turns out that the category of such r-modules is semisimple, we first define the simple 
ones. 

Definition 4.4. Let A = s/r be a rational number with r and s relatively prime integers and r > 1. 
Define the free -ftr((t~^))-module 

iVA := K{{r^))ei e • • • e K{{r^))er. 

Let T\: N\ — )• N\ be the c-semilinear map that satisfies Tx{ei) = e^+i for 1 < i < r and T\{er) = 
t^ei. The pair {Nx,tx) is an etale r-module over K(lt~^)). 

Proposition 4.5. 

(i) If M is an etale r-module over K{{t~^)), then there are unique rational numbers Ai < A2 < 
■ ■ ■ ^ Am such that 
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• the t -adic valuations of the roots of the characteristic polynomial of tm expressed on 
any K {{t~^)) -basis of M are {—Xi}i, with each Xi counted with multiplicity dimA^A- 
(ii) For A G Q, the ring End{Nx) is a central k{{t~^)) -division algebra with Brauer invariant X. 

Proof. This follows from [Lau96, Appendix B]; although the proposition is only proved for a par- 
ticular field K, nowhere do the proofs make use of anything stronger then K being separably 
closed. This was observed by Taelman in [Tae09, §5]; his notion of a "Dieudonne i-module" 
corresponds with etale r-modules over K{{t^^)) (in Definition 5.1.1 of loc. cit. one should have 
K(it~'MV) = V). □ 

We call the rational numbers Aj of Proposition 4.5(i) the weights of M. If all the weights of M 
equal A, then we say that M is pure of weight A. 

Lemma 4.6. [Tae09, Prop. 5.14] Fix a rational number X = s/r with r and s relatively prime 
integers and r > 1. Let M be an etale T-module over K{{t~^)) with K an algebraically closed 
extension of k. The following are equivalent: 

• M is pure of weight A. 

• there exists a Klf'^J-lattice ACM such that t^{A) = t^A. 

Let L be a field extension of k (not necessarily separably closed) and let M be an etale r-module 
over L{t). The weights of M are the weights of the r-module K{{t~^)) (^'^(t) M over K(lt~^)) where 
K is any separably closed field containing L. Again, we say that M is pure of weight A if all the 
weights of M equal A. We now give a criterion for M to be pure of weight 0. 

Lemma 4.7. Define the subring O := L\t~^](i-i^ = L{t) PI of L{t); it is a local ring with 

quotient field L{t). Let M be an etale T-module over L{t). Then the following are equivalent: 

(a) M is pure of weight 0. 

(b) There is an O-submodule N of M stable under tm such that {N,tm\n) is an etale r-module 
over O and the natural map L{t) ®o N ^ M of t -modules is an isomorphism. 

Proof. First suppose that M is pure of weight 0. By Lemma 4.6, there is an L|t-i]-lattice A of 
L(lt~^)) 0L(^t) ^ such that tm(A) = A. Fix a basis ei, . . . , of M over L{t); we may assume that 
the Ci are contained in A. Let N be the O-submodule of M generated by the set B = {rl^ici) : 1 < 
i 1^ d, j > 1}. We can write each v ^ B, uniquely in the form v = J2i (^i^i with aj G L{t); let a be 
the infimum of the values ord^-i (aj) over all i E {1 . . . , d} and v £ B. We find that a is finite, since 
N is contained in the -L|t~^]-lattice A which is stable under tm- Using that a is finite, we find 
that is a free O-module of rank d which is stable under tm and that the map L(t) 0o ~^ M 
is an isomorphism. The r-module (A^,rjvf |A^) is etale since {M,tm) is etale. It is now clear that N 
satisfies all the conditions of (b). 

Now suppose there is an O-submodule N satisfying the conditions of (b). Then A := Llt~^J(^^QN 
is a L|t~^]-lattice in L{(t~^)) (E>L{t) M that satisfies ''"2;(((-i)),g,^|.^jjv/(A) = A. Lemma 4.6 implies that 

-^((^~^)) ®L{t) ^1 and hence M also, is pure of weight 0. □ 

4.3. Tate conjecture. Let M be an etale r-module over L[t). The group Gal_L acts on M' := 
L**''P((t~^))(8>2.(t) via its action on the coefficients of L'^°P((t~"'^)). The Gal^-action on M' commutes 
with rjvf , so M''^ is a vector space over A;((t~^)) with an action of Gali. 

Theorem 4.8. Let L be a finitely generated extension of k. Let M be an etale r-module over L{t) 
that is pure of weight 0. Then the natural map 

kit~^)) ^ ((L-P((t-i)) Mff^'^ 

is an isomorphism of finite dimensional k{{t~^)) -vector spaces. 
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Proof. For an etale r-module M over L{t), we define 

y(M) := (L-P((t-i)) 0Lit) MY- 

it is a /c((t~^))-vector space with a natural action of Gal/,. Let M' and M be etale r-modules over 
L{t) that are pure of weight 0. There is a natural homomorphism 

(4.2) Hom(M', M) 0^(1) Kit-')) ^ Hom,((,-i))[GaU] (y(M'), F(M)) 

of vector spaces over k{{t~^)). We claim that (4.2) is an isomorphism. In the notation of Tamagawa 
in [Tam95], M' and M are "restricted L(t){T}-modules that are etale at = 0". That M is an 
etale r-module over L{t) is equivalent to it being a "restricted module over L(t){r}", and it further 
being pure of weight is equivalent to it being "etale at = 0" by Lemma 4.7. (Note that in 
Definition 1.1 of [Tam95], the submodule A4 should also be an 0^(j)-sublattice of M). Tamagawa's 
analogue of the Tate conjecture [Tam95, Theorem 2.1] then says that (4.2) is an isomorphism 
of (finite dimensional) vector spaces over k{{t-'^)). Tama gawa theorem, whose proof is based on 
methods arising from p-adic Hodge theory, are only sketched in [Tam95]; details have since been 
provided by N. Stalder [StalO]. 

Now consider the special case where the r-module M' is L{t) with tm' = cr\L(t)- So V{M') = 
k{{t~^)) with the trivial Gal/^-action. We have isomorphisms 

Hom(M',M) = Hom^(i)(L(t),M)- ^ M\ / ^ /(I) 

and 

Homfcp-i))[Gai,] {ViM'),V{M)) = Hom,p-i))[Gai,] (fc((t-i)), ^(M)) ^ F(M)«^'S / ^ /(I). 
Combining with the isomorphism (4.2), we find that the natural map 

kit-')) ^ y(M)G-i^ = ((L-P((t"i)) ^L^t^ M)-)^"'^ 
is an isomorphism of finite dimensional vector space over k([t~^)). □ 

Corollary 4.9. Let L be a finitely generated extension of k. Let M be an etale r-module over L{t) 
that is pure of some weight A. Then for any separably closed extension K of L, the natural map 

End(M) ^,,(,) kit-^)) ^ End(i^((t-i)) ®L[t) M)G-Ki^/i^) 

is an isomorphism. 

Proof. Fix an embedding L'^^P C K. We have an inclusion End(L''^P((t-^))(g)i(t)M) C ^nd{K{{t-^))®L 
M) of finite dimensional vector spaces over A;((t~^)); it is actually an equality since by Proposi- 
tion 4.5(ii), their dimensions depend only the weights of M. Hence, 

End(K((t-i)) ®L{t) M)^^^(^/^) = End(L^"P((t-i)) ®^t) M)^^^^^/^) = End(L^"P((t-i)) ®nt) M)^^^K 

So without loss of generality, we may assume that K = L^^^. Define the L(t)-module H = 
Endj,(f)(M). Since M is an etale r-module, we can give H the structure of etale r-module over 

L{t). The natural map H'^ (g)^t) A;((t"^)) ((L"''P((t-^)) (g>^t) if)^)^''^^ can be rewritten as 
End(M) ®,(,) k{{t~')) ^ End(L-P((t-i)) M)^^'^ 

So the corollary will follow from Theorem 4.8 if we can show that H is pure of weight 0. 

The dual := Hom^(^)(M, L(t)) is an etale r-module over L{t) that is pure of weight —A 
(for the weight, one can use the characterization in terms of eigenvalues as in Proposition 4.5). If 
Ml and M2 are etale r-modules over L{t) that are pure of weight Ai and A2, respectively, then 
Ml 0L(t) M2 is pure of weight Ai -|- A2 (use Lemma 4.6). Therefore H, which is isomorphic as a 
r-module to <8)L(t) M, is pure of weight —A -|- A = 0. □ 
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4.4. Proof of Theorem 4.1. Let (p: A ^ L[t] be a Drinfeld module with generic characteristic 
and L a finitely generated field. 



Case 1: Suppose that A = k[t] and F = k{t). 

Define := L[t] and give it the L[t] = L (8)^ j4-module structure for which 



{c0 a) ■ m = cm(j)a 

for c G L, a G j4 and m G M^j,. Define the map tm^ '■ M^p — > by m i— )• rm. The pair {M^, tm^) 
is a r-module over L[t]. As an L[t]-module, is free of rank n with basis /3 = {1,t, . . . ,t^~^}. 
With respect to the basis /3, the linearization t^./^ is described by the n x n matrix 

/ {t- bo)/bn \ 

1 -bi/bn 



B :-- 



\ 1 -bn-l/bn J 



where (pt = ELo^*'^*- 

For / G Endi;,(^), the map — ?> M^, jtt, i-t- m/ is a homomorphism of L[t]-modules which 
commutes with tm^- This gives a homomorphism EndL((^)°PP — )■ End(M(^) of /i;[t]-algebras; it is in 
fact an isomorphism [And86, Theorem 1]. Note that for a ring R, we will denote by the ring 
R with the same addition and multiplication a ■ (3 = /3a 

Let M(j){t) be the r-module obtained by base extending to L{t). Since M^{t) is an L{t)- 
vector space of dimension n with det(i?) G L(t)^ , we find that M^{t) is an etale r-module. We 
have an isomorphism EndL((;^)°PP (8)fc[t] k{t) = End(M(^(f)) of A;(t)-algebras. From Anderson [And86, 
Prop. 4.1.1], we know that M^{t) is pure of weight 1/n (use Lemma 4.6 to relate his notion of 
purity and weight with ours). 

Define := I((r~^)). For c = Y,i ait~' G L{{t^^)) and m G M^, we define 

c ■ m = aim(f)~['^] 
i 

this turns M,^ into a free L((t~^))-module with basis {1, r, . . . , r"~"^}. The pair (M^, ''"jvJ^)) where 
r^^ : — > is the map m i— > rm, is a r-module. One readily verifies that agrees with the 
base extension of to L((t~^)). 

Take any / G D^. Since / commutes with (pf, we find that the map — )> M^, m i— t- m/ is a 
homomorphism of L((t^^))-modules which commutes with rjg^. This gives a homomorphism 

(4.3) DJ^ ^ End(M^) 

of Foo-algebras. By Lemma 2.2(ii) and Proposition 4.5, D'^'^ and End(M(^) are both Foo-division 
algebras with invariant 1/n, so (4.3) is an isomorphism. Moreover, the isomorphism (4.3) is com- 
patible with the respective Gal(L/L)-actions. Restricting (4.3) to EndL(0) ^k[t] k{{t~^)) gives the 
isomorphism 

EndL(0)°PP k{{t~')) ^ End(M^) fe((t"i)) = EndiM^t)) A;((t-i)). 

By Lemma 4.2, it suffices to prove that i)Gai(L/L) ^ EndL((^)0fc[t]A;((t-i)), which we find is equivalent 
to showing that the natural map 

End(M4t)) k(it-')) ^ End(M<^)G^l(^/^) = End(L((t-i)) (^L(t) M^{t)f^'WL) 
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is an isomorphism. Since M^(t) is an etale r-module that is pure of weight 1/n and L is finitely 
generated, this follows from Corollary 4.9. 



Case 2: General case. 

Choose a non-constant element t € A. Composing the inclusion k[t] C ^4 with (j) gives a ring 
homomorphism 

cP': k[t]^L[T], a^c^'a. 

By (1.1), we have ord,— 1(0^) < and hence (f)' is a Drinfeld module (though possibly of a different 
rank than (f)). Since (j) has generic characteristic, so does cj)' . Let oo also denote the place of k{t) 
with uniformizer t~^. 

Since (^{A) D (j)'{k\t]), we have inclusions 

EndL(0) C EndL((/>') and C D^>. 

Therefore, 

EndL(</>) ®A Foo Q C ^GaKr/L) ^ gndi (</>') ®A i^oo 

where the equality follows from Case 1. By Lemma 4.2, it thus suffices to prove the inclusion 
Endi(0) I) EndL((/>'). The ring EndL((/)') certainly contains (l){A). Since (p' has generic characteris- 
tic, the ring EndL((/>') is commutative [Dri74, §2]. So EndL((/)') is a subring of L[t] that commutes 
with (/>(j4); it is thus a subset of Endi((/)). 

5. Proof of Theorem 1.1 

Let (j) : A L[t] he a Drinfeld module of generic characteristic and rank n. Assume that L is 
a finitely generated field and that 'End-^((f)) = (piA). To ease notation, we set D := which is a 
central Foo-division algebra with invariant —1/n. Several times in the proof, we will replace L by 
a finite extension; this is fine since we are only interested in Poo{Wl) up to commensurability. The 
n = 1 case has already been proved (Corollary 3.2), so we may assume that n > 2. 

5.1. Zariski denseness. Let GLd be the algebraic group defined over Fc>o such that GL£)(/^) — 
(D(8)_Foo ^ commutative -Foo-algebra R. In particular, we have PooiWi,) C = Gh£>{Fao)- 

The main task of this section is to prove the following. 

Proposition 5.1. With assumptions as above, Poo{Wl) is Zariski dense in GL/j. 

Let G be the algebraic subgroup of GLd obtained by taking the Zariski closure of Poo(^l) in 
GLd; it is defined over F^o. After replacing L by a finite extension, we may assume that G is 
connected. Choose an algebraically closed extension K of Foo- For an algebraic group G over F^o, 
we will denote by Gk the algebraic group over K obtained by base extension. We need to prove 
that G = GLd, or equivalently that Gk = GL£i,k- 

An isomorphism D (S>Foo ^ — ^'^n{K) of X-algebras induces an isomorphism G1j£),k — Ghnj< 
of algebraic groups over K (both are unique up to an inner automorphism). We fix such an 
isomorphism, which we use as an identification GL^.k = GLn^x and this gives us an action of 
D0F^ K on K"". 

We will use the following criterion of Pink to show that Gk and GL^.k = GLn.K are equal. 

Lemma 5.2 ([Pin97, Proposition A. 3]). Let K he an algebraically closed field and let G C GL„j^ 
he a reductive connected linear algebraic group acting irreducibly on X". Suppose that G has a 
cocharacter which has weight 1 with multiplicity 1 and weight with multiplicity n — 1 on K^. 
Then G = GL„^;^ . 

Lemma 5.3. With our fixed isomorphism, the algebraic group Gk acts irreducibly on K^. 

20 



Proof. Let B be the Foo-vector subspace of D generated by /Ooo(Wl)- Using that Poo{Wl) is a 
group and that every element of D is algebraic over F^o , we find that i? is a division algebra whose 
center contains F^o. By our analogue of the Tate conjecture (Theorem 4.1) and our assumption 
Endj;(0) = (j){A), we have 

CentD(S) = CentD(Poo(W^L)) = F^. 
By the Double Centralizer Theorem, we have B = Cent/) (Cent/) (i?)) and hence B = Cent£)(-Foo) = 
D. 

Let H he a non-zero -fC-subspace of if" that is stable under the action of Gk- Since Poq{Wl) Q 
G(Foo) and F^o Q K, we find that H is stable under the action oi B K = D ®Foo K = Mn{K). 
Therefore, H = K"". □ 

By Lemma 5.3 and the following lemma, we deduce that Gk is reductive. 

Lemma 5.4 ([Pin97, Fact A.l]). Let K he an algebraically closed field, and let G C GL„^/< be a 
connected linear algebraic group. If G acts irreducibly on the vector space K^, then G is reductive. 

Let X be a model of L as described in §1.2. For a fixed closed point x of X, choose a matrix 
hx € GL„(F) with characteristic polynomial P^^^iT). Let Hx C GLn^F denote the Zariski closure 
of the group generated by hx, and let Tx be the identity component of Hx. Since F has positive 
characteristic, some positive power of hx will be semisimple. The algebraic group Tx is thus an 
algebraic torus which is called the Frobenius torus at x. The following result of Pink describes what 
happens when (p has ordinary reduction at x. 

Recall that by reducing the coefficients of (j), we obtain a Drinfeld module (px- A ^ ¥x [t] of rank 
n. Let Xx be the place of F corresponding to the characteristic of cpx- The Tate module Tx^{(f)x) 
is a free 0\^-m.od\i\e of rank Ux, where Ux is an integer strictly less than n. We say that (j) has 
ordinary reduction aX x ii Ux = n — 1. 

Lemma 5.5 ([Pin97, Lemma 2.5]). If (p has ordinary reduction at x G X , then Tx Q GL„^i;' 
possesses a cocharacter over F which in the given representation has weight 1 with multiplicity 1, 
and weight with multiplicity n — 1. 

Lemma 5.6 ([Pin97, Corollary 2.3]). The set of closed points of X for which (p has ordinary 
reduction has positive Dirichlet density. 

We can now finish the proof of Proposition 5.1. We have shown that Gk is a reductive, connected, 
linear algebraic group acting irreducibly on K". By Lemma 5.2 it suffices to show that Gk has a 
cocharacter which has weight 1 with multiplicity 1 and weight with multiplicity n — 1 on K^. 

By Lemma 5.6, there exists a closed point x oi X for which (p has ordinary reduction. Some 
common power of hx and poo(Proba;) are conjugate in GL„(i^) because they will be semisimple with 
the same characteristic polynomial. So with our fixed isomorphism G\jd,k = GLn,K, we find that 
Tx^K is conjugate to an algebraic subgroup of Gk- The desired cocharacter of Gk is then obtained 
by appropriately conjugating the cocharacter coming from Lemma 5.5. 

5.2. Open commutator subgroup. Let SL/) be the kernel of the homomorphism GL/) — )• Gra.Faa 
arising from the reduced norm. Let PGL/) and PSL/) be the algebraic groups obtained by quo- 
tienting GL^j and SL/), respectively, by their centers. As linear algebraic groups, 'SLd is simply 
connected and PGL/j is adjoint. The natural map PSL/j — )■ PGL^) is an isomorphism of algebraic 
groups and hence the homomorphism SL/j ^ PGL/) is a universal cover. 
The commutator morphism of GL/) factors through a unique morphism 

[, ]: PGLdxPGLb^SLd. 

Let r be the closure of the image of PooiWi) in PGL£)(Foo). Let P' C SL£)(Foo) be the closure of 
the subgroup generated by [r,r]. (Both closures are with respect to the oo-adic topology.) 
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The group T is compact since it is closed and PGL/)(i<'oo) is compact. The group F is Zariski 
dense in PGL/j by Proposition 5.1. If we were working over a local field of characteristic 0, this 
would be enough to deduce that T is an open subgroup of PGL£){Foo)- However, in the positive 
characteristic setting the Lie theory is more complicated. Fortunately, what we need has already 
been worked out by Pink. 

Theorem 0.2(c) of [Pin98] says that there is a closed subfield E of F^o, an absolutely simple adjoint 
linear group H over E, and an isogeny f:H^E Foo ^ PGL/j with nowhere vanishing derivative 
such that F' is the image under / of an open subgroup of H{E) where f : H Xe F^o — )> SL/) is the 
associated isogeny of universal covers. 

The following lemma will be needed to show that E = F^o. Let 

be the adjoint representation of PGL^) where m is the dimension of PGL^j. 

Lemma 5.7. Let O C F^ he the closure of the suhring generated by 1 and tr(AdpGLD (-'^))- Then 
the quotient field of O is Foo- 

Proof. We will consider AdpcL^, at Frobenius elements, and thus reduce to a result of Pink. Take 
any element a € . Let qi, . . . , a„ € Foo be the roots of the (reduced) characteristic polynomial 
det(r/-a). We have 

n n 

tr(AdpGLo(a)) = (l^ai)(l^ai^^) " 1 = tr(Q) • tr(a-^) - 1 

(one need only check the analogous result for PGL^ since it is isomorphic to PGL^^^). For 
each closed point x of X, define ax ■= tr(AdpGL£, (Poo(Frobi:))). We have ax = tic{px{Fi:ohx)) ■ 
tr:{px{Ficohx)~^) — 1 for any place A 7^ A^- of F, and hence belongs to F. By [Pin97, Proposi- 
tion 2.4], the field F is generated by the set {aa;}^; where x varies over the closed points of X (this 
requires our assumptions that 'Endj^{(p) = 4>{A) and n > 2). Therefore, the quotient field of O is 

Foo. □ 

Lemma 5.7 along with [Pin98, Proposition 0.6(c)] shows that E = Foo and that f : H —?■ PGL^) 
is an isomorphism. Therefore, F' is an open subgroup of SL£)(Foo). 

Proposition 5.8. The group Poo(^^l) contains an open subgroup 0/ SL/)(i^Qo). 

Proof. The group Poo{W^j:) is a normal subgroup of Poo{Wl) with abelian quotient; it is also 
compact since Wj^^ = Gal^L^^^ / Lk) is compact and poo is continuous. Therefore, F' is a subgroup 
of PooiW^j^). The proposition follows since we just showed that F' is open in SL£){Foo). □ 

5.3. End of the proof. We have PooiWi) C . In Proposition 5.8, we showed that Poo{Wl) 
contains an open subgroup of SLz)(Foo) = {a € : det(a) = 1}. To complete the proof of 
Theorem 1.1, it suffices to show that det(poo(I^L)) is an open subgroup with finite index in F^. 

Lemma 5.9. The image of the the reduced norm map det opoo : Wl — > F^ is an open subgroup of 
finite index in F^ 

Proof One can construct a "determinant" Drinfeld module of (j)] it is a rank 1 Drinfeld module 
jp: L[t] and has the property that and Ta(V') are isomorphic C'A[GalL]-niodules for 

every place A 7^ 00 of This can accomplished by following G. Anderson and working in the larger 
category of ^-motives where one can take tensor products. A proof of the existence of such a ip can 
be found in [vdII04, Theorem 3.3] and the isomorphism of Tate modules is then straightforward. 
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Let X be a model of L as described in §1.2. For each closed point x of X and place A 7^ A^;, 00 
of F, we thus have 

det(/9<^,oo(Froba;)) = dei{p^^x{¥Yobx)) = pv',A(Frob^) = p^,,oo(Prob^). 

By the Chebotarev density theorem, that det op^ ^^(Frobj:) equals /3^,oo(F^^obxO for all closed points 
X oi X implies that detop^ ^^ equals /9^,oo- The lemma now follows from Corollary 3.2 since has 
rank 1. □ 



6. Proof of Theorem 1.2 

By [Dri74, p. 569 Corollary] and our generic characteristic assumption, the ring A := 'Ejn<lj-^[(j)) 
is a projective yl-module and F'^ := A' ®a F^o is a field satisfying [F'^ : F^o] < n. Let F' be the 
quotient field of A' . There is a unique place of F' lying over the place 00 of -F, which we shall also 
denote it by 00, and F'^ is indeed the completion of F' at 00. 

After replacing L by a finite extension, we may assume that A' equals Endi((/)). Identifying A 
with its image in L[t], the inclusion map 

4>': A' ^L[t]. 

extends (f). The homomorphism (j)' need not be a Drinfeld module, at least according to our 
definition, since A' need not be a maximal order in F' . Instead of extending our definition of 
Drinfeld module, we follow Pink and Hayes, and adjust (f)' by an appropriate isogeny. 

Let B be the normalization of A' in F'; it is a maximal order of F' consisting of functions that 
are regular away from 00. By [Hay79, Prop. 3.2], there is a Drinfeld module -0: B L[t] and 
a non-zero / E L[r] such that f(j)'{x) = ip{x)f for all x & A' . The Drinfeld module ip has rank 
n' = n/[F' : F] and End2;('i/') = i^{B). After replacing L by a finite extension, we may assume that 
V'(B)CL[t]. 

It is straightforward to show that the map Cent2;((^-i))(V'(^')) ~^ Cent^^^^^^-i-jj (End2;(0)) defined 
by u I— > f~^vf is a bijection, and hence we have an isomorphism 

^ CentD, (Endj(0)) =: B^, f-\f. 

The corresponding representations poo are compatible under this map. 

Lemma 6.1. For all a G Wl, we have /O^, 00(c) = f~^P(f,,oo{o-)f . 

Proof. Choose any u G I((r-i))^ such that u"^ip{F^)u C k{{T^^)). So f(l){A)f~\ C k{{T~^)) 
and hence {f~^u)~^(p{Foo){f~^u) C k(lT~^)). Therefore, 

Therefore, p^,oo{Wl) is an open subgroup of finite index in Centz)^(End^(0))^ if and only if 
PiP,oo{Wl) is an open subgroup of finite index in D^. However Endj^{ip) = ip{B), so /9^,oo(W^l) is 
an open subgroup of finite index in by Theorem 1.1 which we proved in §5. 

7. Proof of Theorem 1.5 

To ease notation, set D = and define the (surjective) valuation v: D ^ {+00}, a 1— >■ 
ord^-i (a)/(ioo. Let Od be the valuation ring of D with respect to v and let ^ denote it maximal 
ideal. We have fixed a uniformizer vr of Fqq that we can view as element of D by identifying it with 
(j)Tr. Let be a Haar measure for . We fix an open subset U of Ooo, and let C be the set of 
a G for which tr(a) G U. We also fix an integer < i < n, and let Vj be the set of a G 
that satisfy v{a) = —i. 
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Take any positive integer d = i (mod n) that is divisble by \¥l ■ Fqo]- Let x be a closed point of 
X of degree d. We have v{pQo{Ficohx)) = — deg(Frob2:)/(ioo = —Wx ■ ^oo] = —d. Therefore, 

z;(poo(Frob^.)7rL'^''"J) = -d+ [d/n\ ord^-i (<?;>^)/doo = -d+ [d/njn = -i. 

So /3oo(Froba;)7rL'^/"J belongs to V^; it belongs to C if and only if a^((/>)7rL'^/"J is in U. 
Let 

be the continuous homomorphism obtained by composing p^o : Wl with the quotient map 

to /{tt), and then using the compactness of /{tt) to extend by continuity. 

We can identify Vj, and hence also identify Vi DC, with its image in /{tt). This shows that 

{x G \XU : a,(0)7rL'^/"J G C/} = {x G \X\a : p(Frob,) C V, nC}, 

which we can now estimate with the Chebotarev density theorem. By assumption, we have 
P^{Wl) = D"" and hence Poo(VF^fc) = by Lemma 2.2(iv). Therefore, p(GalL) = D^'/iTr) 
and the cosets of /)(Gal^^) in / (tt) are the sets Vq, Vi, . . . , Vn_i. By the global function field 
version of the Chebotarev density theorem, we have 

^.^^ |{xG |X|rf:p(Frob^) CV,nC}| ^ /igx(HnC) 

d=i (mod n),d=0 (mod [¥L.¥aa]) #\X\d pj:,x{Vi) 

d—^+oo 

It remains to compute the value p^xiVi riC)/fi£)x{Vi). 

We first need to recall some facts about the division algebra D, cf. [Rie70, §2] for some background 
and references. The algebra D contains an unramified extension W of -Fqo of degree n and an element 
(3 such that 

D = w®wp®---e wp""-^ 

where /3" is a uniformizer of F^c and the map a i— )• (3a(3~^ generates Gal{W/Fac)- Define the map 

n.-l 



f:W^^D, (ao,...,a„_i)^V. 

^ — ^1=0 



it is an isomorphism of (left) vector spaces over W. Let Ow be the ring of integers of W and denote 
its maximal ideal by p. For any integers m G Z and < j < n, we have 

For a & D, the reduced trace tr(a) is the trace of the endomorphism of the VF-vector space D given 
by u I-)- va. One can check that tr(/(ao5 • • • jOn-i)) = '^w/Fad'^o) ('^O; ■ ■ ■ jOn-i) G W"'. 
First consider the case i > 1. We have 

Vi = ^3-^ - = /(O^-* X (p"i - Ow) X (p-^)'-^) 

and the measures arising from the restriction of the Haar measures of and W^, respectively, 
agree (up to a constant factor). So 

TTpr- = fJ-OwiWo e Ow ■ Triy/F^(ao) eU}) 

where pow Haar measure normalized so that powi^w) = 1- Since 1iw/f^ ■ Ow Coo is 

a surjective homomorphism of Ooo-modules, we have powii^^ ^ Ow ■ Tr^y/^^(oo) G [/}) = p{U). 
Now consider the case i = 0. We have 

Vo = OD-q3 = /((Ow^-p)xO^-i). 
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and the measures arismg from the restriction of the Haar measures of and W^, respectively, 
agree (up to a constant factor). So 

/Xj)x(Vo nC) _ /^Oiy({Qo eOw-p- Tvw/F^iao) ^ U}) 

Note that Tr^y/p^ : Ow Coo is a surjective homomorphism of Coo-modules satisfying Tv^y/p^ (p) = 
ttOoo- Fix a coset k of vrCoo in Coo- Then Tr^^^ (k) n {Ow — p) is the union of cosets 
of p in OvF when k ^ t^Ooo, and — l cosets when k = vrOoo- One can then check that 

/^Ow'Ci^o G Cvy - p : Tr^y/ir^ (ao) G f^D/AiOwlCvF - p) = J^(f^) by taking into account this weight- 
ing of cosets. 

The following lemma will be used in the next section. 
Lemma 7.1. For j > 1, we have {{a e Od - vtCd : tr(a) = (mod tt^Ooo)}) < l/q'^°°^. 
Proof. We have /(Cj^ - p") = Cd - vrO/). One can then show that 
Hdx {{a G Cd - ttOd : tr(a) = (mod ir^Ooo)}) 
-^fi'iiiao, . . . ,a„_i) G C^V - P'' : Ttw/F^ao) = (mod vr^Coo)}) 
-^f^OwiWo e Ow ■■ Tvw/p^{ao) = (mod vr^Coo)}) 
where /i' is a fixed Haar measure of W^. This last quantity is bounded by \Ooo/'^-'Ooo\~^ = 

8. Proof of Theorem 1.7 

To ease notation, set D = and define the (surjective) valuation w: D — t- Z U {+cx)}, a ^ 
ord^-i (a)/(ioo- Let Od be the valuation ring of D with respect to v. Fix a uniformizer vr of F^o 
that we can view as element of D by identifying it with c/)^. 

For each a G -D^, we define e(a) to be the smallest integer such that avr'^^") belongs to Od 
(equivalently, u(a7r^(")) > 0). Define the map 

f-.D^'^Ooo, a^tr(a7r^(°)) 

where tr is the reduced trace. For each integer j > 1, let fj: — )• Cqo/vt-'Coo be the function 
obtained by composing / with the reduction modulo tt^ homomorphism. 

Lemma 8.1. Let x be a closed point of X of degree d. Then /j (/Ooo(Froba;)) = for all integers 
1 ^ J 5; ordoo(ox ((/*)) + r^/"-! • particular, 

P<p,a{d) < \{x G l^ld : /,(Poo(Frob,)) = 0}|. 

Proof. Set a := poo(Frob2;). We have v{a) = — deg{x) / doo = —d. Since v{7r) = ord,— i(i?i)7r)/(ioo = 
we have e{a) = \d/n]. Hence f{a) = tr(a7r^(°)) = tr(a)7r'^(°) = ax{(l))TT'^^°'\ which is divisible by tt^ 
for any integer 1 < j < ordoo(«x (</*)) + e(a). □ 

For each integer i > 1, define the group 

Gr.= D>^/{F^{l + 7rWD)). 

If a, /3 G are in the same coset of Gj, then fj{a) = if and only if fj{(3) = [observe that 
/(avr^) = /(a) for i G Z, f{ua) = uf{a) for u G C^, and fj{a{l + tt^j)) = fj{a) for 7 G Od]- 
So by abuse of notation, it makes sense to ask whether fj{a) = for a coset a G Gj. The subset 
Cj := {a G : fj{a) = 0} of Gj is stable under conjugation. The group Gj and the set Gj do not 
depend on the initial choice of uniformizer vr. 
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Let Pj-. Gali — > Gj be the Galois representation obtained by composing poo with the quotient 
map to Gj and then extending to a representation of Gal^ by using that poo is continuous and Gj 
is finite. Lemma 8.1 gives the bound 

(8.1) Pr^,a(.d) < \{^ e \X\d : P,(FVobJ C C,}| 

whenever 1 < j < ordoo(a) + \d/n\. 

We shall bound P,f,^a{d) by bounding the right-hand side of (8.1) with an effective version of the 
Chebotarev density theorem and then choosing j to optimize the resulting bound. Let Gj be the 
image of Pj'. Gali — >■ Gj and let Gj be the intersection of Gj with Gj. The effective Chebotarev 
density theorem of Murty and Scherk [MS94, Theoreme 2] implies that 



\{x G \XU : ^j(Frob,) C C7,}| < • #\XU + \Cj\^/\l + {Qj + 1)|^|)^— — 

\Gj\ a 



where the implicit constant depends only on L, and the quantities nij, and Qj will be described 
below. (Their theorem is only given for a conjugacy class, not a subset stable under conjugation, 
but one can easily extend to this case by using the techniques of [MMS88].) 
We first bound the cardinality of our subset Gj. 

Lemma 8.2. We have \Gj \ <C g««-("'-2)i and \Gj\l\Gj\ < l/g'^-J. 

Proof. We first prove the bound of jCj|/|Gj|. For a € D^, we have avr*^'-") € 0_d — ttOd and hence 
rl < ({a e - ttOd ■ tr(a) = (mod vr-'Ooo)}) 



\G, 



where /jj^x is a fixed Haar measure of D^. From Lemma 7.1, we deduce that |Cj|/|Gj| <^ l/q'^°°^. 
We have a short exact sequence of groups: 

1 ^ 0^/{0^{l + ttWd)) Gj A Z/nZ 0. 

The group 0^/(0^(l + tt^Od)) is isomorphic to {Od/tt^OdV /{Ooo/ir^OooV , and hence has 
cardinality 

This proves that there are positive constants ci and C2, not depending on j, such that ciq'^°°^"'^~^''^ < 
\Gj\ < C2q'^°°^"' . The required upper bound for \Gj\ follows from our bounds of |Cj|/|Gj| and 
\Gj\. □ 



By Theorem 1.1, the index [Gj : Gj] can be bounded independent of j. Lemma 8.2 and the 
inclusion Gj C Gj shows that \Cj\/\Gj \ l/q'^^^ and \Cj\^/^ < qd^in^-2)j/2 _ 

We define Lj to be the fixed field in L^°p of the kernel of pj. Let C and Cj be smooth pro- 
jective curves with function fields L and Lj, respectively. We can take rrij := \¥lj : ¥l] above, 
where F^. and ¥l are the field of constants of Lj and L, respectively. Theorem 1.1 implies that 
Poo(Gal(L^'^P/Lfc)) is an open subgroup of O^, and hence ruj < [Gj : Pj{Gal{L^^'P / Lk))] can be 
bounded independently of j. 

We define |^| := deg(3;) where the sum is over the closed points of C for which the morphism 
Cj — >■ C, corresponding to the field extension Lj/L, is ramified. We may view X as an open 
subvariety of C. Since the representation p^o is unramified at all closed points of X and C \ X is 
finite, we find that \^\ can also be bounded independent of j. 

Let T^Lj/L be the different of the extension Lj/L; it is an effective divisor of Cj of the form 
d{y/x) ■ y, where the first sum is over the closed points x of C and the second sum is over 
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the closed points y of Cj lying over x. We define Qj to be the smallest non- negative integer for 
which the inequality d{y/x) < e{y/x){Qj + 1) always holds, where e{y/x) is the usual ramification 
index. We will prove the following bound for Qj in §8.1. 

Lemma 8.3. With notation as above, we have Qj <^ j + 1 where the implicit constant does not 
depend on j . 

Finally, we note that <C q'^°°'^/d. For any integer 1 < j < ordoo(a) + \d/n], combining all 

our bounds together we obtain 

q"'°°^ a da d 

where the implicit constant depends only on 4>. We choose j := ordoo(a) + \d/n'^~\; for d sufficiently 
large, we do indeed have 1 < i < ordoo(o) + [d/n]. With this choice of j, we obtain the desired 

bound P^,a(d) < qdo.{l-l/n^)d^ 

8.1. Proof of Lemma 8.3. Fix a non-constant y A and define h = — ndoo ordoo(y) > 1- 
Construct 6 G (L^^^^)^ and oq = 1, 01,02,... € L^°^ as in the beginning of §2. The series 
u = S(^'^QaiT~^) then satisfies u~^(j){Foo)u C fc((r~^)). We noted above that [F/,^. : Fl] can 
be bounded independently of j. So there is a finite subfield F of that contains all the fields 
Flj and also the field with cardinality q^. Set Kq = L¥{6), and recursively define the subfields 
Ki+i := Ki{ai+i) of L'^P for i > 0. For G GaliL^^P / Lk) , we have ^00 (c^) e 1 + tt^'Od if only if 
v{poo{(y) — 1) = v{a{u)u^'^ — 1) = v{a{u) — u) is greater than or equal to v{(t)l:) = jn. This implies 
that Lj is a subfield of Kjn- 

Consider a chain of global function fields -Fi C i<2 C F3 with valuations vi, V2, and u 3 , respectively 
(so V3 lies over V2 and V2 lies over vi). We then have ^(^3/^1) = e{v^/v2)d{v2/vi) + d{vs/v2), 
equivalently 

/g 2) djvs/vi) ^ d{v2/vi) ^ d{v3/v2) 

e{vz/vi) e{v2/vi) 6(1)3/^1)' 

where d{vj/vi) is the degree of the different Vp./p. at Vj and e{vj/vi) is the usual ramification 
index. Fix an integer j, and take any place v of L and any place w of Lj lying over v. Since 
LQLjQ Kj n, we can choose a place w' of Kj^ lying over w. Using (8.2), we have 

d{w/v) ^ d{w'/v) 
e{w/v) ~ e{w'/v) 

It thus suffices to prove that d{w / v) / e{w / v) ^ j + 1 holds for every place v of L, j > 0, and 
place w of Kj lying over v. Fix a place v of L. 

Lemma 8.4. There is a constant B > such that ord^(aj) > —B holds for all i > and all 
valuations ord^: L^°P — t- Q U {+00} extending ordy. 

Proof. From (2.1), we find that 

(8.3) -7-ordt,(a^ - at) > -C + mm j—f- 

q^ 0<j<h-i q^-J 

i+j-h>0 

holds for some constant C > 0. Define B := C/(l — l/q). 

We will proceed by induction on i. The lemma is trivial for i = 0, since ordt,(ao) = 0. Now take 
i > 1. If ord^,(aj) > 0, then we definitely have ordt,(aj) > —B. Suppose that ord^,(aj) < 0. Then 
the roots of (2.1) as a polynomial in are ai + b with b in the subfield of k of cardinality q^; we 
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have ord„(aj + b) = ord„(aj) for all such b (since ordt,(aj) < 0), so ordt,(aj) = ordt,(a^ — ai)/q^ . By 
(8.3) and our inductive hypothesis, we deduce that 

ord„(ai) >-C- B/q = -B{1 - l/q) - B/q = -B. □ 

Lemma 8.5. For a fixed integer j > 0, let wj and Wj+i be places of Kj and Kj^i, respectively, 
such that Wj lies over v and Wj+i lies over wj . We then have 

d{wj^i/wj) < Ce{wjj^i/v) 

where C is a non-negative constant that does not depend on j. 

Proof. Choose an extension ord^ : L^'^^ — > Z U {+00} that corresponds to tfj+i when restricted 
Kj+i. We defined Oj+i to be a root of the polynomial X"^ — X + /3j with 13 j e Kj. Let be 
the subfield (of Kq) of cardinality q'^. We have X'^^ — X + j3j = nb6fcfe(^ ~ '^i+i ^"-"^ each 

a € Gali^^. , there is a unique 7(cr) € such that cj(aj+i) = flj+i + 7(0'). Since C Kj., we find 
that 7: Gali^. — t- /c/i is a homomorphism whose image we will denote by H. Define the additive 
polynomial g{X) := n6e//("'^ + 6) G kh[X]. The minimal polynomial of Oj+i over Kj is thus 

g{X - aj+i) = g{X) - g{aj+i) G Kj[Xl 

and the extension Kj^i/Kj is Galois with Galois group H. 

The extension Kj+i/Kj is a variant of the familiar Artin-Schreier extensions. If ord,;(<^(aj+i)) > 
0, then Kj^i/Kj is unramified at Wj [Sti93, Prop. 3.7.10(c)], so d{wj^i/wj) = and the lemma is 
trivial. So we may suppose that m := — ordv{g{aj^i)) > and that Kj^i/Kj is ramified at Wj. We 
then find that Kj^i/Kj is totally ramified at Wj and that d{wj^i/wj) < {\H\ — l){m+l)e{wj /v) (see 
[Sti93, Prop. 3.7.10(d)]; the factor e{wj/v) arises by how we normalized our valuation). Therefore, 
d{wjj^i/wj) < (m + l)e{wjj^i/v). It thus suffices to prove that ord„(g(aj_|_i)) can be bounded from 
below by some constant not depending on j; this follows immediately from Lemma 8.4. □ 

We finally prove that d{w / v) / e{w / v) ^ j + 1 holds for every place v of L, j > 0, and place w 
of Kj lying over v. If the place v corresponds to one of the closed points of X, then we know that 
Pooi and hence Kj, is unramified at v; so d{w / v) / e{w / v) = 0. We may now fix to be a one of the 
finite many places of L for which poo is ramified. 

Fix a positive constant C as in Lemma 8.5. After possibly increasing C, we may assume that 
d{wo/v) < Ce{wo/v) holds for every place wq of Kq lying over v. Take any places vuj of Kj for 
j > such that Wj+i lies over Wj and wq lies over v. By (8.2) and Lemma 8.5, we have 

d{wj+i/v) ^ d{wj/v) ^ d{wj+i/wj) ^ djwj/v) ^ ^ 
e{wj+i/v) e{wj/v) e{wj+i/v) ~ e{wj/v) 

Since d{wQ / v) / e{wQ / v) < C by our choice of C, it is now easy to show by induction on j that 
d{wj/v)/e{wj/v) < C{j + 1) holds for all j > 0. 
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